Structural stability of vector fields with shadowing  by Lee, Keonhee & Sakai, Kazuhiro
J. Differential Equations 232 (2007) 303–313
www.elsevier.com/locate/jde
Structural stability of vector fields with shadowing ✩
Keonhee Lee a,∗, Kazuhiro Sakai b
a Department of Mathematics, Chungnam National University, Daejeon 305-764, Republic of Korea
b Department of Mathematics, Utsunomiya University, Utsunomiya 321-8505, Japan
Received 1 May 2006
Available online 25 September 2006
Abstract
Let X be a C1 vector field without singularities. In this paper, we show that X is in the C1 interior of
the set of vector fields with the shadowing property if and only if X satisfies both Axiom A and the strong
transversality condition; that is, X is structurally stable.
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1. Introduction
Structurally stable systems (both diffeomorphisms and vector fields) were the main objects
of interest in the global qualitative theory of dynamical systems in the last 40 years. One of the
most important properties of a structurally stable system is the shadowing property (also known
as the pseudo-orbit tracing property).
It was proved by the second author that the C1 interior of the set of diffeomorphisms with
the shadowing property coincides with the set of structurally stable diffeomorphisms (see [13]).
However it is still open whether the above results can be applied to the case of vector fields;
i.e., is a vector field in the C1 interior of the set of vector fields with the shadowing property
structurally stable?
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vector fields is characterized as the set of structurally stable vector fields (see also [12]); and if
a vector field with the shadowing property is in the C1 interior of the set of vector fields whose
integrated flows are expansive then it is structurally stable, respectively.
In this paper, we show that if a vector field without singularities is in the C1 interior of the set
of vector fields with the shadowing property then it satisfies Axiom A and the strong transversal-
ity condition, and so it is structurally stable.
Let M be a closed manifold and let d be the distance on M induced from a Riemannian metric
‖ · ‖ on the tangent bundle TM . Denote by X 1(M) the set of all C1 vector fields of M endowed
with C1 topology. Then every X ∈ X 1(M) generates a C1 flow Xt :M × R → M ; that is a C1
map such that Xt :M → M is a diffeomorphism satisfying X0(x) = x and Xt+s(x) = Xt(Xs(x))
for all s, t ∈ R and x ∈ M .
A vector field X ∈ X 1(M) is called (C1) structurally stable if there is a C1 neighborhood
U(X) of X in X 1(M) such that every Y ∈ U(X) is conjugate to X (see [3,7,11,14] for the defin-
ition).
Define Rep as the set of increasing homeomorphisms (reparametrizations) α :R → R such
that α(0) = 0. Fix ε > 0 and define Rep(ε) as follows:
Rep(ε) =
{
α ∈ Rep:
∣∣∣∣α(t)t − 1
∣∣∣∣< ε
}
.
Let Xt be a flow on M . As usual, we say that a mapping Ψ :R → M is a (δ,1)-pseudo-orbit
of Xt if, for any τ ∈ R, we have
d
(
Xt
(
Ψ (τ)
)
,Ψ (τ + t))< δ, |t | 1.
Note that we do not assume Ψ to be continuous.
We say that a vector field X ∈ X 1(M) has the shadowing property [8] if, given ε > 0, there
exists a δ > 0 such that for any (δ,1)-pseudo-orbit Ψ of the flow Xt , we can find a point y ∈ M
and α ∈ Rep(ε) such that
d
(
Xα(t)(y),Ψ (t)
)
< ε, t ∈ R.
It is known that every X ∈X 1(M) satisfying both Axiom A and the strong transversality condi-
tion has the shadowing property.
Denote by S(M) the set of all X ∈ X 1(M) having the shadowing property. The following is
proved.
Main Theorem. Suppose that X ∈ X 1(M) has no singularities. Then X is in the C1 interior of
S(M), intS(M), if and only if X satisfies both Axiom A and the strong transversality condition.
We say that a (continuous) flow Xt is expansive if for any ε > 0 there is δ > 0 with the
property that if d(Xs(x),Xα(s)(y))  δ for all s ∈ R, for a pair of points x, y ∈ M , and for a
continuous map α :R → R with α(0) = 0, then y = Xs(x) where |s| ε (see [5]). We say that
X ∈X 1(M) is expansive if the integrated flow Xt is expansive. Note that if X is expansive, then
X has no singularities by definition.
We have the following as a direct consequence of the Main Theorem.
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(i) X ∈ intS(M) and expansive,
(ii) X is Anosov.
Let X ∗(M) be the set of X ∈ X 1(M) with the property that there exists a C1 neighborhood
U ⊂ X 1(M) of X such that every singularity and every periodic orbit of Y ∈ U are hyperbolic.
Write
L(M) = {X ∈X ∗(M): X has no singularities}.
Remark that if X ∈X 1(M) has no singularities, then there is a C0 neighborhood U0(X) of X
such that each Y ∈ U0(X) has no singularities.
A proof of Main Theorem is based on the following remarkable result obtained by Gan and
Wen in [2].
Theorem. Every X ∈ L(M) satisfies both Axiom A and the no-cycle condition.
Throughout this note, let Sing(X) be the set of all singularities of X ∈X 1(M), and let PO(Xt )
be the set of all periodic orbits (which are not singularities) of the integrated flow Xt . Recall that
p ∈ Sing(X) is hyperbolic if the linear map DpX :TpM → TpM have no eigenvalues λ with
Re(λ) = 0 (e.g., [6, p. 58]).
A point x ∈ M is called a non-wandering point of Xt if for any neighborhood U of x in M ,
there is t  1 such that Xt(U) ∩ U = ∅. The set of all non-wandering points of Xt is denoted
by Ω(Xt). Clearly, Sing(X) ∪ PO(Xt ) ⊂ Ω(Xt). We say that X satisfies Axiom A if PO(Xt ) is
dense in Ω(Xt) \ Sing(X), and if there are constants C > 0 and λ > 0 such that the tangent flow
DXt :TM → TM leaves invariant a continuous splitting TΩ(X)M = Es ⊕ SpanX ⊕ Eu such
that
‖DXt |Es (x)‖ Ce−λt and ‖DX−t |Eu(x)‖Ce−λt
for t > 0 and x ∈ Ω(X).
A proof of Main Theorem is divided into the following two propositions. In the following
results, suppose that X ∈X 1(M) has no singularities.
Proposition A. If X ∈ intS(M), then X ∈X ∗(M).
Thus if X ∈ intS(M), then X ∈ L(M), so that X satisfies Axiom A. Since PO(Xt ) is dense
in Ω(Xt), to get the conclusion of the Main Theorem, it is enough to show the next proposition.
Proposition B. Let X ∈ intS(M) and let γ, γ ′ ∈ PO(Xt ). Then the stable manifold of γ and the
unstable manifold of γ ′ are transverse.
When M is a surface, if γ ∈ PO(Xt ) (X ∈ X 1(M)) is hyperbolic, then γ is an attractor or a
repeller. Thus, we may suppose that dimM  3 in Proposition B.
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Let M and X 1(M) be as before and, in this paper, for X,Y, . . . ∈ X 1(M), we denote the
generated flows by Xt, Yt , . . . , respectively. Hereafter we assume that an exponential map
expp :TpM(1) → M is well defined for all p ∈ M , where TpM(1) = {v ∈ TpM: ‖v‖ 1}. Let
Bε(x) = {y ∈ M: d(x, y) ε} (ε > 0).
For every x ∈ M \ Sing(X) (X ∈X 1(M)), put Π̂x = (SpanX(x))⊥ ⊂ TxM (see [10, p. 266]),
Πx,r = expx(Π̂x,r ) and Πx = Πx,1, where Π̂x,r = {v ∈ Π̂x : ‖v‖ < r} for r > 0. Then, for given
x′ = Xt0(x) (t0 > 0), there are r0 > 0 and a C1 map τ :Πx,r0 → R such that Xτ(y)(y) ∈ Πx′
(y ∈ Πx,r0) with τ(x) = t0. We define a Poincaré map f :Πx,r0 → Πx′ by f (y) = Xτ(y)(y) for
all y ∈ Πx,r0 . Then the map is a C1 embedding whose image is interior to Πx′ if r0 is small.
We denote the set of all C1 embeddings from Πx,r to Πx′ (r > 0) by Emb1(Πx,r ,Πx′) and
topologize it by using the C1 topology. If Xt(x) = x for 0 < t  t0 and r0 is sufficiently small,
then (t, y) → Xt(y) C1 embeds{
(t, y) ∈ R ×Πx,r : 0 t  τ(y)
}
for 0 < r  r0. The image {
Xt(y): y ∈ Πx,r and 0 t  τ(y)
}
is called t0-length flow box and is denoted by Fx(X, r, t0). For ε > 0, let Nε(Πx,r ) be the set of
all diffeomorphisms ϕ :Πx,r → Πx,r such that supp(ϕ) ⊂ Πx,r/2 and dC1(ϕ, id) < ε. Here dC1
is a usual C1 metric, id :Πx,r → Πx,r is an identity map and the support of ϕ is the closure of
the set where it differs from id.
Lemma 1. Let X ∈ X 1(M) and suppose that Xt(x) = x for 0 < t  t0 (x /∈ Sing(X)). Let
f :Πx,r0 → Πx′ (x′ = Xt0(x)) be a Poincaré map and r0 > 0 be sufficiently small. Then, for
every C1 neighborhood U(X) ⊂ X 1(M) of X and 0 < r  r0, there is ε > 0 with the property
that for every ϕ ∈Nε(Πx,r ), there exists Y ∈ U(X) satisfying{
Y(y) = X(y) if y /∈ Fx(X, r, t0),
g(y) = f ◦ ϕ(y) if y ∈ Πx,r .
Here g :Πx,r → Πx′ is a Poincaré map defined by Yt .
Proof. See [10, p. 296, Remark 2]. 
Let X ∈ X 1(M) and suppose that p ∈ γ ∈ PO(Xt ) (XT (p) = p,T > 0). If f :Πp,r0 → Πp
is a Poincaré map (r0 > 0), then f (p) = p. We say that γ is hyperbolic if p is a hyperbolic fixed
point of f (e.g., [6, p. 95]). If γ ∈ PO(Xt ) is hyperbolic, then the stable manifold Ws(γ,X)
and the unstable manifold Wu(γ,X) of γ are defined by a usual way. Let γ, γ ′ ∈ PO(Xt ) be
hyperbolic. We say that γ is transverse to γ ′ if for any x ∈ Ws(γ,X)∩Wu(γ ′,X),
TxM = TxWs(γ,X)+ TxWu(γ ′,X).
The following lemma based on [1, Lemma 1.1] plays an essential role in a proof of hyperbol-
icity of the periodic orbits and in a proof of the transversality of stable and unstable manifolds.
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let U(X) ⊂ X 1(M) be a C1 neighborhood of X and 0 < r  r0 be given. Then there are δ0 > 0
and 0 < ε0 < r/8 such that for a linear isomorphism O : Π̂p → Π̂p with ‖O−Dpf ‖ < δ0, there
is Y ∈ U(X) satisfying
(i) Y(x) = X(x) if x /∈ Fp(X, r, T ),
(ii) p ∈ PO(Yt ) and p ∈ γ ,
(iii) g(x) =
{
expp ◦O ◦ exp−1p (x) if x ∈ Bε0(p)∩Πp,r ,
f (x) if x /∈ B4ε0(p)∩Πp,r ,
where g :Πp,r → Πp is a Poincaré map for Yt .
Proof. See [4, Lemma 1.3]. 
Proof of Proposition A. Suppose that X ∈ X 1(M) has no singularities, and X ∈ intS(M). Let
U(X) ⊂ S(M) and pick p ∈ γ ∈ PO(Xt ) (XT (p) = p, T > 0). The flow Xt defines a Poincaré
map f :Πp,r0 → Πp for some r0 > 0. By assuming that there is an eigenvalue λ of Dpf with|λ| = 1, we shall derive a contradiction (we treat the case when λ is complex since real case is
more simple).
Let δ0 > 0 and 0 < ε0 < r0/8 be given by Lemma 2 for U(X) and letO : Π̂p → Π̂p be a linear
isomorphism with ‖O−Dpf ‖ < δ0 such that
O =
(
A O
O B
)
with respect to some splitting Π̂p = E ⊕ F,
where A = ( b a−a b ) (a, b ∈ R and a2 + b2 = 1) respecting to some coordinates and B is hyper-
bolic. Then, by Lemma 2, there exists Y ∈ U(X) such that
• Y(x) = X(x) if x /∈ Fp(X, r0, T ),
• p ∈ γ ∈ PO(Yt ),
• g(x) =
{
expp ◦O ◦ exp−1p (x) if x ∈ Bε0(p)∩Πp,r0,
f (x) if x /∈ B4ε0(p)∩Πp,r0 .
Here g :Πp,r0 → Πp is a Poincaré map defined by Yt .
Fix v ∈ E with ‖v‖ = ε0/2 and put an arc Iv = {sv: 0 s  1}. Then expp(Iv) is a subset of
Ep = expp
(
E ∩ exp−1p (Πp,ε0)
)⊂ Πp,ε0 .
Remark that g(p) = p and the restriction g|Πp,ε0 is regarded as the linear isomorphismO|
exp−1p (Πp,ε0 )
with respect to the exponential coordinates. Let
Og
(
expp(v)
)= ∞⋃
i=0
expp ◦Oi (v).
For 0 < ε < min{ε0/4, d(p,Og(expp(v)))/2}, let 0 < δ < ε be as in the definition of the shad-
owing property of Y .
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Ep and a sequence of real numbers {ti}Ii=0 such that
{
d(Yt (g(xi)), Yt (xi+1)) < δ for |t | 1 and i = 0, . . . , I − 1,
Yti (xi) = g(xi) ti > 0 and d(xI ,p) > 2ε.
Fix 0 < δ′ < δ sufficiently small so that there exists x1 ∈ expp ◦O(Iv) such that
• d(Yt (x0), Yt (x1)) < δ (|t | 1) and d(p,x1) > δ′.
If d(Yt (g(x1)), Yt (Og(expp(v)))) δ for some |t | 1, then take x2 ∈ expp ◦O2(Iv) such that
• d(Yt (g(x1)), Yt (x2)) < δ (|t | 1) and d(p,x2) > d(p,x1)+ δ′.
If d(Yt (g(x2)), Yt (Og(expp(v)))) δ for some |t | 1, then take x3 ∈ expp ◦O3(Iv) such that
• d(Yt (g(x2)), Yt (x3)) < δ (|t | 1) and d(p,x3) > d(p,x2)+ δ′.
...
Continuing this manner, we can find an integer I and xI−1 ∈ expp ◦OI−1(Iv) such that
• d(Yt (g(xI−2)), Yt (xI−1)) < δ and
d
(
Yt
(
g(xI−1)
)
, Yt
(
Og
(
expp(v)
)))
< δ
(|t | 1).
Finally, let xI = expp ◦OI (v) and take a number ti > 0 such that Yti (xi) = g(xi) for i = 0, . . . , I .
Let Sn =∑ni=1 ti for n = 1, . . . , I , and let S0 = 0. Define a map Ψ :R → M by
Ψ (t) =
⎧⎨
⎩
Yt (x0) if t < 0,
Yt−Sn(xn+1) if Sn  t < Sn+1 for n = 1, . . . , I − 2,
Yt−SI−1(xI ) if t  SI−1.
Then Ψ is a (δ,1)-pseudo-orbit of Yt . Since Yt has the shadowing property, there are α ∈ Rep(ε)
and y ∈ Bε(p) ∩Πp,ε which ε-shadows the (δ,1)-pseudo-orbit Ψ . We may suppose α(t) > t/2
(t  0) and α(t) < t/2 (t < 0). Then, y = expp(u,w), where (u,w) ∈ E ⊕ F . Since gk(y) =
expp(Aku,Bkw) for all k ∈ Z, if w = 0, then by the hyperbolicity of B , d(gk(y), {xi}Ii=0) > ε for
some k. This is a contradiction since d(Yα(τ)(y),Ψ (τ)) < ε (τ ∈ R) and thus, y ∈ Ep ∩ Bε(p).
This also contradicts the above inequality because d(xI ,p) > 2ε. The proposition is proved. 
3. Proof of Proposition B
Let S(M) be as before and fix X ∈ intS(M). Suppose that γ, γ ′ ∈ PO(Xt ) are hyperbolic and
x ∈ Ws(γ,X)∩Wu(γ ′,X).
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Poincaré map f :Πp,r0 → Πp . Since p is hyperbolic, there are a Df -invariant splitting Πˆp =
Es ⊕Eu. Throughout this section, let
Wσr (p,f ) = the connected component of Wσ(γ,X)∩Πp,r containing p
for σ = s, u and 0 < r  r0.
Suppose that x ∈ Wsr0/2(p,f ) \ intWsr0/2(p,f ). The following is a simple generalization of
Lemma 2. Let T ′ > 0 be the number with f (x) = XT ′(x) and take 0 < r1 < r0/4 such that
Fp(X, r1, T )∩ Fx(X, r1, T ′) = ∅.
Lemma 3. Under the above notations, for every C1 neighborhood U(X) of X, there are 0 <
ε0 < r0/4 and δ0 > 0 such that if O : Π̂p → Π̂p is a linear isomorphism with ‖O−Dpf ‖ < δ0,
then there exists Y ∈ U(X) satisfying
(i) Y(y) = X(y) if y /∈ Fp(X, r1, T )∪ Fx(X, r1, T ′),
(ii) γ, γ ′ ∈ PO(Yt ) and YT (p) = p ∈ γ ,
(iii) g(y) =
{
expp ◦O ◦ exp−1p (y) if y ∈ Bε0(p)∩Πp,r0,
f (y) if y /∈ B4ε0(p)∩Πp,r0,
(iv) x ∈ Wsr0(p,g) and TxWsr0(p,g) = TxWsr0(p,f ),(v) x ∈ Wu(γ ′, Y ) and TxWu(γ ′, Y ) = TxWu(γ ′,X).
Here g :Πp,r0 → Πp is a Poincaré map for Yt and Wσr0(p,g) is the connected component of
Wσ(γ,Y )∩Πp,r0 containing p (σ = s, t).
Proof. See [4, Lemma 4.1]. 
Put Eσ (ε) = {v ∈ Eσ : ‖v‖  ε} for ε > 0 (σ = s, u), and let g ∈ Emb1(Πp,r0,Πp), p =
g(p) ∈ Πp and ε0 > 0 be given by Lemma 3. Then it is easily checked that
expp
(
Eσ (ε0)
)⊂ Wσr0(p,g) and dim expp(Eσ (ε0))= dimWσr0(p,g)
for σ = s, u since ε0 and δ0 are small. For the sake of simplicity, we denote expp(Eσ (ε)) by
Wσε (p,g) for σ = s, u and for 0 < ε  ε0.
Proof of Proposition B. Let X ∈ intS(M). Suppose that γ, γ ′ ∈ PO(Xt ) are hyperbolic and
x ∈ Ws(γ,X)∩Wu(γ ′,X) and that
TxΠp,r0 = TxWsr0/2(p,f )+ Tx
(
Wu(γ ′,X)∩Πp,r0
)
,
we shall lead a contradiction.
Let p ∈ γ (XT (p) = p, T > 0) and f : Πp,r0 → Πp (r0 > 0) be as before. We may assume
that
Wu2r (γ
′,X)∩Πp,r0 = ∅.0
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′,X) is the local unstable manifold of γ ′. Let T ′ > 0, 0 < r1 < r0/4, Fp(X, r1, T )
and Fx(X, r1, T ′) be chosen in the second paragraph of this section. We may assume further that
{
Xt(x): t < 0
}∩ (Fp(X, r1, T )∪ Fx(X, r1, T ′))= ∅.
Fix a C1 neighborhood U(X) ⊂ S(M) of X, and let 0 < ε0 < r0/4 and δ0 > 0 be given
by Lemma 3. Recall that Π̂p = Es ⊕ Eu is the hyperbolic splitting for Dpf . Choose a linear
isomorphism O : Π̂p → Π̂p such that ‖O−Dpf ‖ < δ0, and such that
• O = ( A O
O B
)
with respect to the splitting,
• O|Es = Dpf |Es = A and the multiplicity of any eigenvalue for O|Eu is one; that is,
O|Eu =
⎛
⎝B1 O.. .
O Bu′
⎞
⎠ ,
where Bi is a (at most 2 × 2) matrix corresponding to an eigenvalue λi such that 1 < |λ1| <
· · · < |λu′ | for some 1 u′  dimEu.
Let Y ∈ U(X) and g be given by Lemma 3 for the above O. Then
TxW
s
r0(p,g) = TxWsr0(p,f ), Wur0(γ ′,X) = Wur0(γ ′, Y )
and Xt(x) = Yt (x) for t  0.
Pick  > 0 sufficiently large so that g−1(x) ∈ Wsε0/2(p,g), and set
V u
(
g(x), g
)= the connected component of Wu(γ ′, Y )∩Πp containing g(x).
Hereafter, to simplify the notations, denote g(x) by x. Then
exp−1p
(
V u(x, g)
)⊂ Π̂p and TxV u(x, g) = Tx(Wu(γ ′, Y )∩Πp).
Let L ⊂ Π̂p be an affine space tangent to exp−1p (V u(x,Y )) at exp−1p (x). For any affine space L
in Π̂p with exp−1p (x) ∈ L, let
Lν =
{
v ∈ L: ∥∥v − exp−1p (x)∥∥ ν} (ν > 0).
Let T ′′ > 0 be a number with YT ′′(g−1(x)) = x. Then, there exists 0 < ν0  ε0/2 such that
• expp(Lν0) ⊂ Bε0(p),
• ({Yt (x): t < −T ′′} ∪ γ )∩ Fg−1(x)(Y, ν0, T ′′) = ∅,
• gi(Wsr0(p,g)∩Bν0(g−1(x)))∩Bν0(g−1(x)) = ∅ for i  1,
• Y−t (V u(g−1(x), g)∩Bν0(g−1(x)))∩Bν0(g−1(x)) = ∅ for t > 0.
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Eu, and we may suppose that for z = (z1, . . . , zu′), if max{‖zi‖: i = 1, . . . , u′} < ε0/2, then
z ∈ Πp,ε0 . Denote by π : Π̂p → Eu the natural projection parallel to Es . Then, the non-
transversality of V u(x, g) and Wsr0(p,g) at x means that Π̂p = L + (Es + exp−1p (x)), in other
words, the non-transversality means dimπ(L) < dimEu.
Finally, note that for every ε > 0, we can take an affine space L′ ⊂ Π̂p near L with
exp−1p (x) ∈ L′ such that⎧⎪⎪⎪⎨
⎪⎪⎪⎩
dimL′ = dimL,
dimπ(L′) = dimπ(L),
π(L′)∩ {z ∈ Eu: zi = 0} = {Op} for any i = 1, . . . , u′,
dC1(expp(L′ν0), expp(Lν0)) < ε.
Thus, there exists a constant c > 0 such that for any (z1, . . . , zu′) ∈ π(L′ν0) \ {Op},
‖zi‖
‖zj‖  c for any i, j = 1, . . . , u
′. (1)
As in the proof of Lemma 3, we have the following lemma (by applying Lemma 1 to Y and
g|Πp,r0∩Bν0 (g−1(x))). 
Lemma 4. Fix a C1 neighborhood U(Y ) ⊂ U(X) of Y . Then there exists Y ′ ∈ U(Y ) such that
(i) Y ′(y) = Y(y) if y /∈ Fg−1(x)(Y, ν0, T ′′),
(ii) Y ′
T ′′(g
−1(x)) = x,
(iii) Wu(γ ′, Y ′)∩Πp coincides with expp(L′ν0) in a small neighborhood of x in Πp .
Remark.
(i) We see that Wur0(γ ′, Y ) = Wur0(γ ′, Y ′) and Yt (x) = Y ′t (x) for t −T ′′.(ii) Let g′ :Πp,r0 → Πp be a Poincaré map induced from Y ′t . Then, by Lemma 4(i), γ ′ ∈ PO(Y ′t )
and g′(y) = g(y) if y ∈ Πp,r0 \Bν0(g−1(x)). Thus g′(p) = g(p). By Lemma 4(ii), g′ i (x) =
gi(x) for all i  0.
(iii) By the perturbation used in the above lemma, Wsε0(p,g) may be deformed near g−j (x) if
g−j (x) ∈ Wsε0(p,g) for some j > 0. We denote the deformed manifold by Wsε0(p,g′). Then
x ∈ Wsε0(p,g′) and TxWsε0(p,g′) = TxWsε0(p,g).
Lemma 5. Under the above situations, Y ′t cannot have the shadowing property.
If the conclusion of this lemma is established, then we have the contradiction because Y ′ ∈
U(X) and thus, a proof of Proposition B is completed. 
Proof of Lemma 5. To simplify the notations, denote Y ′, g′ and Wsε0(p,g
′) by Y , g and Wsε0(p),
etc., respectively. Let
Cuε (x) = the connected component of Wu(γ ′)∩Bε(x) containing x
for ε > 0. Remark that by Lemma 4(iii), Cuε (x) ⊂ expp(L′ν ) if ε is sufficiently small.0
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eigenvalue λ1. Set Eu1 (ε0) = {z ∈ Eu1 : ‖z‖ ε0} and
L′(0;0, . . . ,0, ε0/2) =
⋃
‖zi‖ε0, i=1,...,u′−1
(0; z1, . . . , zu′−1, ε0/2).
Fix 0 < ε < 14 min{ε0, d(expp(Eu1 ( ε0|λu′ | )), expp(L
′(0;0, . . . ,0, ε02|λu′ | )))} such that the connected
component of ( ⋃
0tT˜
Yt
(
Wu2r0(γ
′)
))∩Bε(x)
exactly coincides with Cuε (x).
Let x = expp(ry;0) according to our choice of coordinates. Fix a large natural number m,
consider the point xm = expp(ry;1/m,0, . . . ,0), and define a mapping Ψm :R → M by
Ψm(t) =
{
Yt (xm) for t  0,
Yt (x) for t < 0.
Let δm > 0 be as before such that δm → 0 as m → ∞ and Ψm is a δm-pseudo-orbit of Yt . To obtain
a contradiction, assume that any Ψm (with m large) is shadowed by a point ym ∈ Bε(x) ∩ Πp,ε
with a homeomorphism αm ∈ Rep(ε). We can express ym = expp(rm,wm), where (rm,wm) ∈
Es ⊕ Eu. Since Ψm(t) → γ ′ as t → −∞ and γ ′ is hyperbolic, by the choice of ε, it is easy to
show that ym must belong to a small neighborhood of the point x in Wu(γ ′)∩Πp , and hence in
Cuε (x). By our construction, there is an (probably finite) increasing sequence {tk}k0 such that
gk(xm) = Ψm(tk)∩Πp,ε0 = expp
(
Akry;Bk1/m,0, . . . ,0
) (2)
while Ψm(t) ∈ Bε0(γ ) (t  0). Hence, Ψm(t) leaves Bε0(γ ) as t grows, and xm = x.
It follows that ym = expp(rm;wm1, . . . ,wmu′) with wmi = 0. On the other hand, we can write
gk(ym) = expp
(
Akrm;Bk1wm1, . . . ,Bku′wmu′
) (3)
while Yαm(t)(ym) ∈ Bε0(γ ) (t  0). Since 0 < ε < 1/2, it follows that αm(t) t/2 for t > 0 if m
is large enough.
Claim. (Cf. [9].) For large m, let Km > 0 be an integer such that for j = 0, . . . ,Km − 1,
‖Bji wmi‖ < ε02|λu′ | and ‖B
Km
u′ wmu′‖  ε02|λu′ | . Then, for every i = 1, . . . , u
′ − 1, we have
‖Bji wmi‖ < ε02|λu′ | for j = 0, . . . ,Km − 1.
For any m, let Km > 0 be an integer such that for j = 0, . . . ,Km − 1, ‖Bji wmi‖ < ε02|λu′ |
and ‖BKm
u′ wmu′‖  ε02|λu′ | . Suppose that there are im = u
′ and 0  km  Km − 1 such that
‖Bjimwmim‖ < ε02|λu′ | for j = 0, . . . , km − 1 and ‖B
km
im
wmim‖  ε02|λu′ | . We may assume i = im
for all m. The above property leads us to the inequality∥∥Bkmwmi∥∥> ∥∥Bkm′ wmu′∥∥. (4)i u
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as m → ∞. Now we apply inequalities (1) and (4) to get the relations
c ‖wmi‖‖wmu′‖ >
∣∣∣∣λu′λi
∣∣∣∣km → ∞ as m → ∞
contradictory for large m. Thus, our claim is established.
Since d(Yαm(τ)(ym),Ψm(τ)) < ε (τ ∈ R), it follows from (2) and (3) that
d
(
gKm(xm), expp
(
0;BKm1 /m,0, . . . ,0
))
< ε,
d
(
gKm(ym), expp
(
0;BKm1 wm1, . . . ,BKmu′ wmu′
))
< ε.
Thus
d
(
expp
(
0;BKm1 wm1, . . . ,BKmu′ wmu′
)
, expp
(
0;BKm1 /m,0, . . . ,0
))
< 3ε
for arbitrarily large m. This is consistent with the choice of ε and so that the contradiction is
obtained. 
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